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TODA SYSTEMS, CLUSTER CHARACTERS, AND SPECTRAL
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Abstract. We show that the Hamiltonians of the open relativistic Toda system are elements
of the generic basis of a cluster algebra, and in particular are cluster characters of nonrigid
representations of a quiver with potential. Using cluster coordinates defined via spectral
networks, we identify the phase space of this system with the wild character variety related to
the periodic nonrelativistic Toda system by the wild nonabelian Hodge correspondence. We
show that this identification takes the relativistic Toda Hamiltonians to traces of holonomies
around a simple closed curve. In particular, this provides nontrivial examples of cluster
coordinates on SLn-character varieties for n ą 2 where canonical functions associated to
simple closed curves can be computed in terms of quivers with potential, extending known
results in the SL2 case.
1. Introduction
The first purpose of this paper is to study a basic example of a cluster integrable system, the
open relativistic Toda chain, from the point of view of the additive categorification of cluster
algebras. Following [GK13], by a cluster integrable system we mean an integrable system whose
phase space is a cluster variety equipped with its canonical Poisson structure. Examples include
those studied in [GK13, FM14, HKKR00, Wil13a], and generally encompass those referred to
as relativistic integrable systems in the literature [Rui90]. Roughly, cluster varieties are Poisson
varieties whose coordinate rings (cluster algebras) are equipped with a canonical partial basis of
functions called cluster variables [FZ02]. Additive categorification refers to the study of cluster
algebras through the representation theory of associative algebras, in particular Jacobian
algebras of quivers with potential [Ami11, Kel12]. A key notion is that of the cluster character
(or Caldero-Chapoton function) of a representation of a quiver with potential, a generating
function of the Euler characteristics of its quiver Grassmannians [CC06, CK06, Pal08, Pla11].
In particular, while cluster variables are a priori defined in a recursive, combinatorial way, they
can in retrospect be described in a nonrecursive, representation-theoretic way as the cluster
characters of rigid indecomposable representations. The notion of cluster character moreover
provides a natural means of extending the set of cluster variables to a complete canonical
basis of a cluster algebra, referred to as its generic basis, which includes cluster characters
of nonrigid representations [Dup12]. Our first main result is that the open relativistic Toda
Hamiltonians, while not cluster variables, are nonetheless elements of the generic basis
We may realize the phase space of the open relativistic Toda chain as the quotient
SLc,cn {AdH of a Coxeter double Bruhat cell of SLnpCq by its Cartan subgroup H [GSV11].
Double Bruhat cells are the left H-orbits of the symplectic leaves of the standard Poisson-Lie
structure on a complex simple Lie group [HKKR00], and are prototypical examples of cluster
varieties [BFZ05]. The cluster structure on SLc,cn {AdH is encoded by the quiver Qn shown in
Figure 1. The Toda Hamiltonians are the restrictions to SLc,cn {AdH of the characters of the
fundamental representations of SLnpCq, and also appear as the conserved quantities of the
An Q-system [Ked08, DK09]. The expansion of these Hamiltonians in cluster coordinates has
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Figure 1. The quiver Qn, introduced in the context of Q-systems in [Ked08]
and in the context of gauge theory in [CNV10, Fio06].
a combinatorial description as a weighted sum of paths in a directed annular graph [GSV11],
following a framework familiar from the theory of totally nonnegative matrices [FZ00]. To
identify these Hamiltonians as cluster characters of representations of the relevant quiver
with potential, we recall the coefficient quiver of a representation, which encodes the action
of the path algebra on a chosen basis [Rin98]. By finding a suitable basis of the relevant
nonrigid representations, we reduce the classification of subrepresentations to the enumeration
of certain subquivers of the coefficient quiver, following an idea of [CI11]. We then show
that this problem is equivalent to the enumeration of paths in the directed graph used to
describe the cluster structure on SLc,cn {AdH. We note that being the cluster character of a
representation is an extremely restrictive constraint on a Laurent polynomial, and indeed a
generic cluster character is completely determined by its leading term.
Our second main result uses cluster coordinates to identify the phase space SLc,cn {AdH
with a wild character variety [Boa14] in such a way that the relativistic Toda Hamiltonians
are identified with traces of holonomies around a simple closed curve. The relevant wild
character variety is related by the wild nonabelian Hodge correspondence to the periodic
(nonrelativistic) Toda system, viewed as a meromorphic Hitchin system on P1. The cluster
structure on this character variety is defined via spectral networks [GMN13b], combinatorial
objects built out of trajectories of differential equations defined by a Hitchin spectral curve. It
is well-known on physical grounds that the cluster structure on this particular wild character
variety is encoded by the quiver Qn [CNV10], identifying it birationally with SL
c,c
n {AdH by
identifying their respective cluster coordinates. Proving that this isomorphism identifies the
relativistic Toda Hamiltonians with traces of holonomies requires first extracting a sufficiently
explicit description of the spectral networks defined implicitly by the periodic Toda spectral
curves. We then show that the combinatorics of weighted paths in directed graphs used to
compute the relativistic Toda Hamiltonians is directly reproduced by the path-lifting scheme
of [GMN13b], with the relevant directed graph appearing as the 1-skeleton of the periodic
Toda spectral curve.
Our reason for considering the above two results in conjunction is that they prove a natural
expectation regarding canonical bases in coordinate rings of (possibly wild) SLnpCq-character
varieties of punctured surfaces: that the expansion in cluster coordinates of the trace in an
SLnpCq-representation of the holonomy around a simple closed curve is the cluster character
of a representation of the associated quiver with potential. While this is known in large
generality for SL2pCq-character varieties [Hau12], for n ą 2 this is the first example of such a
result. Indeed, the wild SLnpCq-character varieties we consider are the simplest ones whose
underlying surface has nontrivial fundamental group, hence provide a natural first step beyond
the SL2 case. In particular, it follows from our results that in the example we consider the
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Figure 2. Our main results are Theorems 3.13 and 2.14, identifying the
relativistic Toda Hamiltonians on SLc,cn {AdH with traces of holonomies and
cluster characters, respectively. Applying a standard correspondence in Propo-
sition 2.19, the resulting equality of the expressions in the middle row can be
interpreted physically as the agreement of two different kinds of formula for
the expectation values of supersymmetric line operators [GMN13a].
traces of holonomies in the fundamental SLnpCq-representations are elements of the generic
basis of [Dup12, CILFS12]. We note that explicitly considering traces in general irreducible
SLnpCq-representations would add additional subtleties we do not consider here; the quiver-
theoretic description of these functions requires corrections to the relevant generic cluster
character, either in the form of a suitable nongeneric cluster character or an application of the
Coulomb branch formula [CN13]. On SL2pCq-character varieties, traces of holonomies are also
examples of Hamiltonians of cluster integrable systems. Hamiltonians of more general cluster
integrable systems such as in [GK13] provide a distinct direction in which our result should
generalize, orthogonal to that of traces of holonomies on other SLnpCq-character varieties.
For context, we recall the gauge-theoretic interpretation of these ideas in terms of line
operators in 4d N “ 2 theories of class S [GMN13a, CN13, Cir13, Xie13, CDM`13, CD].
Theories of this type are constructed out of a Riemann surface C with irregular data, the
wild character variety of C appearing as a space of vacua of the theory compactified on S1.
Expectation values of supersymmetric line operators wrapping S1 give rise to holomorphic
functions on the character variety. As argued in [GMN13a], the expansions of these functions
in cluster coordinates should be generating functions of framed BPS indices. The quiver
which encodes the cluster structure on the character variety is the BPS quiver of the theory
[ACC`11], and framed BPS indices are roughly Euler characteristics of moduli spaces of
stable framed representations of the BPS quiver (with corrections, in general) [CN13]. A
standard correspondence between quiver Grassmannians and moduli spaces of stable framed
representations identifies these generating functions with cluster characters of unframed
representations [Nag13, Rei08]. On the other hand, one construction of such line operators is
through surface operators of the 6d p2, 0q theory partially wrapping curves in C. In the case of
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a simple closed curve the resulting expectation value should be the trace in some representation
of the holonomy around this curve [GMN13a], hence this trace should be a cluster character.
Of course, the quiver Qn is familiar as the BPS quiver of pure N “ 2 SUpNq Yang-Mills
theory [CNV10, ACC`11, CD12], hence the wild character variety related to SLc,cn {AdH
is the one associated with its Seiberg-Witten system, the periodic Toda system. From this
point of view, the open relativistic Toda Hamiltonians are the expectation values of Wilson
loops in the fundamental representations of SUpNq [GMN13a]. While other works such as
[Cir13, CN13, CD] consider the problem of computing framed BPS spectra in general cases,
our goal in this paper is to prove the nontrivial agreement of geometric and representation-
theoretic approaches in a case where it is possible to perform exact computations with the
relevant spectral networks.
An important feature of our story is that the phase spaces of the two “opposite” Toda
systems we consider, open relativistic and periodic nonrelativistic, are directly connected
through the wild nonabelian Hodge correspondence. This should be viewed in light of the
following picture, which we will not attempt to make precise. The phase space of the periodic
relativistic Toda chain, another example of a cluster integrable system, can be identified with
a space of monopoles on S1x ˆ S1y ˆRz [CW12]. More precisely, this space is hyperka¨hler with
complex structures I, J , and K in correspondence with the factors S1x, S
1
y , and Rz, and in
both structures I and J it admits a spectral decomposition identifying it holomorphically with
the periodic relativistic Toda system (of course, these are different identifications). Letting
the radius of S1x shrink to 0, the space degenerates to a space of solutions to Hitchin equations
on S1y ˆ Rz. This limit is felt differently by the complex structures I and J , breaking the
symmetry between them. In complex structure I we have the nonrelativistic limit between the
two flavors of periodic Toda chain. In complex structure J we have a degeneration between
the two flavors of relativistic Toda chain, presumably coinciding with that observed in [FM14].
In particular, the periodic relativistic Toda phase space is itself a cluster integrable system, the
cluster structure being encoded by a bipartite graph naturally identified with the 1-skeleton
of its spectral curves (this is a general feature of the systems of [GK13], see also [FHKV08]).
The above picture then provides a conceptual link between this fact and our identification of
the bicolored graph encoding the cluster structure on the open relativistic Toda phase space
with the 1-skeleton of the periodic nonrelativistic Toda spectral curves.
The representation theory of the Jacobian algebra of Qn was studied in [Cec13], where in
particular the stable representations at weak coupling were classified and proved consistent
with known perturbative features of the pure gauge theory BPS spectrum. A distinguished
role in its representation theory is played by the light subcategory L, a P1-family of orthogonal
subcategories Lλ each equivalent to the module category of the An preprojective algebra Λn
[CDG13]. The objects of each Lλ that are stable for some weakly-coupled stability condition
are those corresponding to Λn-modules whose dimension vector is a positive root. On the
other hand, the representations corresponding to the relativistic Toda Hamiltonians are
recovered as cluster characters of the objects of Lλ corresponding to projective-injective
Λn-modules. This connection offers useful intuition for Theorem 2.14, which in this light
links the projective-injective Λn-modules to the characters of the fundamental representations
of SLnpCq. Indeed, that these objects are connected is already well-known. We recall in
particular the result of [BK12, BKT11] that the convex hull of the dimension vectors of
submodules of a projective-injective Λn-module is a Weyl polytope, the convex hull of the
weights of a fundamental representation of SLnpCq.
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2. Relativistic Toda Systems and Quivers with Potential
2.1. Relativistic Toda Hamiltonians and Nonintersecting Paths. In this section we
recall the construction of the open relativistic Toda system in terms of the Coxeter double
Bruhat cell SLc,cn`1{AdH [HKKR00, Wil13b]. This in particular identifies its phase space
as the cluster variety associated with the quiver Qn. Following [GSV11], we identify the
expansion of its Hamiltonians in cluster coordinates with generating functions of collections
of nonintersecting paths on a directed graph in the annulus. This could be reformulated in
terms of perfect matchings, as in the treatment of torus graphs in [GK13, FM14], however
directed paths will prove more natural for making contact with the path-lifting formalism of
[GMN13b]. However, we note in passing that when expressed in terms of perfect matchings
Theorem 2.14 can be recognized as a cousin of [MR10, Theorem 5.6], though many details
differ in each setting. The cluster algebra notation we use is summarized in appendix A.
Let
c “ s1s2 ¨ ¨ ¨ sn
be the standard Coxeter element of Sn`1 and let SLc,cn`1 be the double Bruhat cell
SLc,cn`1 “ B` 9cB` XB´ 9cB´,
where B˘ are the subgroups of upper- and lower-triangular matrices and 9c any representative
of c in SLn`1 (by SLn`1 we will always mean SLn`1pCq). The quotient SLc,cn`1{AdH of
SLc,cn`1 under conjugation by the Cartan subgroup has dimension 2n and inherits a symplectic
structure from the standard Poisson structure on SLn`1.
Definition 2.1. The open relativistic Toda system is the integrable system with phase
space SLc,cn`1{AdH and Hamiltonians H1, . . . ,Hn the restrictions of the characters of the
fundamental representations
Źk Cn`1. 
In practice we will only consider SLc,cn`1{AdH birationally. There is nothing disinguished
about our choice of Coxeter element beyond notational convenience, and other choices will
yield birational but not necessarily biregular realizations of the phase space. Similarly, since
all our computations take place on open cluster charts in SLc,cn`1 on which H acts freely, we
will not take care to define the quotient carefully.
Each double Bruhat cell has a cluster structure with a subset of clusters indexed by double
reduced words. Recall that a double reduced word for a pair pu, vq of Weyl group elements is
a shuffle of reduced words for u and v; we fix the double reduced word
i “ p1,´1, 2,´2, . . . , n,´nq
for pc, cq. More precisely, the double Bruhat cells SLc,cn`1 and PSLc,cn`1 of the simply-connected
and adjoint groups have A- and X -type cluster structures. The cluster X -variety structure on
PSLc,cn`1 descends to one on PSL
c,c
n`1{AdH by amalgamation [Wil13b]. The double reduced
word i encodes a seed of the cluster structure on PSLc,cn`1{AdH whose associated quiver
is Qn from Figure 1. The toric cluster chart associated with this seed is given by the map
XQn Ñ PSLc,cn`1{AdH defined by
py1, . . . , y2nq ÞÑ E1yω
_
1
1 F1y
ω_1
2 ¨ ¨ ¨Enyω
_
n
2n´1F2ny
ω_2n´1
2n .
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Here the right-hand side is an ordered product of simple root and fundamental coweight
subgroups. That is,
pEiqjk “
#
1 j “ k or pj, kq “ pi, i` 1q
0 otherwise
, pFiqjk “
#
1 j “ k or pj, kq “ pi` 1, iq
0 otherwise
pyω_i qjk “
$’&’%
y
n`1´k
n`1 j “ k and j ď i
y
´k
n`1 j “ k and j ą i
0 otherwise
.
It is often convenient to factor yω
_
k as the product of a scalar matrix and a diagonal matrix
whose entries are equal to either 1 or y:
yω
_
k “ y ´kn`1
¨˚
˚˚˚˚
˚˝˚˚
y 0 ¨ ¨ ¨ 0
0
. . .
y
... 1
...
. . . 0
0 ¨ ¨ ¨ 0 1
‹˛‹‹‹‹‹‹‹‚
.
We want to lift these to coordinates on SLc,cn`1{AdH. Define a new torus T with formal
coordinates y
˘1
n`1
1 , ¨ ¨ ¨ , y
˘1
n`1
2n . The inverse of the adjacency matrix of Qn has entries that are
rational with denominator n` 1, so the obvious map T Ñ XQn factors through the canonical
map pQn : AQn Ñ XQn . Now define T ÝÑ SLc,cn`1{AdH by
py
1
n`1
1 , . . . , y
1
n`1
2n q ÞÑ E1py
1
n`1
1 qpn`1qω
_
1 ¨ ¨ ¨F2npy
1
n`1
2n qpn`1qω
_
2n´1 .
It satisfies
T SLc,cn`1{AdH
XQn PSLc,cn`1{AdH,
where the right-hand map is the quotient map, and factors through a mapAQn Ñ SLc,cn`1{AdH
(though neither it nor the latter are injective). This factorization can be deduced from the
following diagram, where rQn is the quiver of the cluster chart on SLc,cn`1 associated to i and
the commutativity of the leftmost square is a universal feature of amalgamation:
AQn A rQn SLc,cn`1 SLc,cn`1{AdH
XQn X rQn PSLc,cn`1 PSLc,cn`1{AdH
pQn pQn rpi rpi
The maps rpi are the composition of the quotient map and the twist automorphism τ of SLc,cn`1,
but note that by the results of [Wil13b] we have τ˚Hi “ Hi.
We can describe the cluster coordinates on SLc,cn`1{AdH combinatorially following a
standard construction in the theory of total nonnegativity. We define directed graph Ni via
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the following embedding into r0, 1s2:
Ni “
˜
nď
k“1
r0, 1s ˆ t k
n` 2u
¸
Y
˜
nď
k“1
t k
2n` 1u ˆ rn` 1´ k, n` 2´ ks
¸
Y
˜
nď
k“1
t n` k
2n` 1u ˆ rn` 1´ k, n` 2´ ks
¸
.
The vertical edges of the form t k2n`1u ˆ rn` 1´ k, n` 2´ ks are directed upward, those of
the form t n`k2n`1u ˆ rn` 1´ k, n` 2´ ks are directed downward, and the horizontal edges are
directed leftward.1 See and Examples 2.3, 2.4 and 2.17 for illustrations. We refer to p1, kn`2q,
p0, kn`2q as the kth input and output vertices of Ni, respectively. We only need to consider the
graph Ni up to isotopy and the following move. We allow two vertices with one incoming edge
and two outgoing edges (or vice-versa) to collide and expand in the opposite configuration as
pictured:
We label the component of r0, 1s2 rNi to the immediate right of the edges t k2n`1u ˆ rn` 1´
k, n` 2´ ks, t n`k2n`1u ˆ rn` 1´ k, n` 2´ ks by the variables yk, yn`k, respectively.
The graph Ni we describes a lift of the map T ÝÑ SLc,cN {AdH to a map T ÝÑ SLc,cn`1 in the
following way. By a directed path in Ni we mean a path whose orientation agrees with that
of Ni. A maximal direct path p starts and ends at boundary vertices of Ni, and we define its
weight wtppq by the following conditions. The weight of the lowest directed path pmin (the
unique directed path from the nth input to the nth output) is
wtppminq “
nź
i“1
py2i´1y2iq´ωnpω_i q
“
nź
i“1
py2i´1y2iq´ in`1
For any other directed path p the ratio wtppq{wtppminq is the product of all yi that label
components of r0, 1s2 rNi lying between p and pmin in r0, 1s2. The ijth matrix entry of a
point in the image of T ÝÑ SLc,cn`1 is then the weighted sumÿ
p:jÑi
wtppq
over all directed paths from the jth input to the ith output of Ni.
Consider the map r0, 1s2  S1ˆr0, 1s given by identifying the left and right edges of r0, 1s2,
and let N i Ă S1 ˆ r0, 1s be the image of Ni. The preimage of any closed directed path in N i
is a directed path in Ni from the kth input to the kth output for some 1 ď k ď n. We define
the weight of a closed directed path in N i to be the weight of its preimage. Note that each
1Readers familiar with this formalism will note that the graph Ni as described corresponds to the double
reduced word i1 “ p1, . . . , r,´1, . . . ,´rq rather than i “ p1,´1, 2,´2, . . . , r,´rq. However, these double reduced
words are equivalent up to a trivial reindexing, and their associated graphs are equivalent in the sense described.
The graph associated with i1 is more convenient to draw, while the graph associated with i induces a more
convenient indexing of the vertices of Qn.
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yi now labels a contractible component of pS1 ˆ r0, 1sqrN i. The counterclockwise-oriented
boundaries of these components define a basis of
KerpH1pN i,Zq Ñ H1pS1 ˆ r0, 1s,Zqq,
and for two closed directed paths p, p1, the ratio wtppq{wtpp1q is the class of rp´ p1s written
multiplicatively. If P “ tp`ui´1`“0 is a nonintersecting i-tuple of closed directed paths in N i, we
define the weight of P by
wtpP q “
i´1ź
`“0
wtpp`q.
The following proposition follows easily from Gessel-Viennot and the definition of the weight
of a path.
Proposition 2.2. In cluster coordinates on AQn , the open relativistic Toda Hamiltonian Hk
is the weighted sum ÿ
P“tp`ui´1`“0
wtpP q
of all nonintersecting k-tuples of closed directed paths in N i.
Example 2.3. For SLc,c2 {AdH, the graph Ni is
y1 y2
and the cluster coordinates are given by
py1, y2q ÞÑ y´
1
2
1 y
´ 1
2
2
ˆ
y2 ` y1y2 1
y2 1
˙
.
Computing the Hamiltonian H1 requires taking the trace of the matrix on the right, which
is the weighted sum of the three distinct closed directed paths in N i. Thus
H1 “ y´
1
2
1 y
´ 1
2
2 p1` y2 ` y1y2q
“ x1x´12 p1` y2 ` y1y2q,
where y1 “ x22, y2 “ x´21 . 
Example 2.4. For SLc,c3 {AdH, the graph Ni is
y1 y2
y3 y4
and the cluster coordinates are given by
py1, y2, y3, y4q ÞÑ y´
1
3
1 y
´ 1
3
2 y
´ 2
3
3 y
´ 2
3
4
¨˝
y2y3y4 ` y1y2y3y4 y4 ` y3y4 1
y2y3y4 y4 ` y3y4 1
0 y4 1
‚˛.
There are two Hamiltonians H1 and H2 corresponding to the fundamental and anti-
fundamental representations, respectively. The former is a weighted sum of the five closed
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2 4 6
1 3 5
a1 a2 a3b1 b2 b3
r1 r2`2 `3
Figure 3. The quiver Q3 with labeled edges.
directed paths in N i, while the latter is a weighted sum of the five nonintersecting pairs of
closed directed paths:
H1 “ y´
1
3
1 y
´ 1
3
2 y
´ 2
3
3 y
´ 2
3
4 p1` y4 ` y3y4 ` y2y3y4 ` y1y2y3y4q
“ x3x´14 p1` y4 ` y3y4 ` y2y3y4 ` y1y2y3y4q
H2 “ y´
2
3
1 y
´ 2
3
2 y
´ 1
3
3 y
´ 1
3
4 p1` y2 ` y1y2 ` y1y2y4 ` y1y2y3y4q
“ x1x´12 p1` y2 ` y1y2 ` y1y2y4 ` y1y2y3y4q.
Here y1 “ x22x´14 , y2 “ x´21 x3, y3 “ x´12 x24, and y4 “ x1x´23 . 
2.2. The Jacobian Algebra of Qn. In this section we consider in detail the Jacobian
algebra of Qn and construct certain representations M
λ
i whose cluster characters recover
the relativistic Toda Hamiltonians Hi. We describe bases of the algebra JpQn,Wnq and the
modules Mλi which will allow us to explicitly enumerate the submodules of M
λ
i , following the
strategy of [CI11].
We label the edges of Qn as follows. For i P t1, . . . , nu the two vertical arrows from 2i´ 1
to 2i are labeled ai and bi. For i P t2, . . . , nu the leftward diagonal arrows from 2i to 2i´ 3
are labeled `i, and for i P t1, . . . , n´ 1u the rightward diagonal arrows from 2i to 2i` 1 are
labeled ri.
We fix the potential
Wn “
n´1ÿ
i“1
ai`i`1bi`1ri ´ bi`i`1ai`1ri.
The cyclic derivatives of Wn are
(2.5)
BaiWn “ `i`1bi`1ri ´ ri´1bi´1`i BbiWn “ ri´1ai´1`i ´ `i`1ai`1ri
B`iWn “ biri´1ai´1 ´ airi´1bi´1 BriWn “ ai`i`1bi`1 ´ bi`i`1ai`1.
Here any terms referring to nonexistent edges such as rn or a0 are understood to be zero.
As all relations are either paths or differences of paths, JpQn,Wnq has a basis indexed by
equivalence classes of paths in Qn. Generally, suppose I is an ideal of a path algebra CQ
generated by relations of this form, that is
I “ xp1 ´ p11, . . . , pk ´ p1k, q1, . . . , q`y
where each pair pi, p
1
i of paths has the same source and target. Then the nonzero elements of
tp` I : p a path in Qu Ă CQ{I
10 HAROLD WILLIAMS
form a basis of CQ{I. Elements of this basis are labeled by equivalence classes of paths in Q
under the relation
α „ β ðñ α “ apib, β “ ap1ib for some paths a, b and some index i.
The classes realized as labels of basis elements of CQ{I are those with no representatives
containing some qj as a subpath. We call this the path basis of CQ{I.
To a path p in Qn we associate a tuple psp, tp, λp, ρp, ap, bpq, where sp, tp P Q0 are the
source and target of p and λp, ρp, ap, bp the number of times p traverses an edge labeled `k,
rk, ak, or bk, respectively.
Proposition 2.6. Elements of the path basis of JpQn,Wnq are in bijection with the set of
tuples such that
ρp ´ λp “
Z
tp ` 1
2
^
´
Z
sp ` 1
2
^
ρp ď n´
Z
sp ` 1
2
^
λp ă
Z
sp ` 1
2
^
,
and such that ap` bp equals the number of times any path with the given values of sp, tp, λp, ρp
traverses a vertical edge.
Proof. Follows easily from the relations (2.5). Informally, the relations say that if two paths
differ only in the order in which they traverse ak and bk edges, but traverse the same number
of each kind in total, then they are equivalent (and likewise for `k, rk edges). Moreover, the
only paths that become zero in JpQn,Wnq are those equivalent to a path that “falls off the
edge” of Qn. 
The projective representation Pi is the subspace of JpQn,Wnq spanned by equivalence
classes of paths with source i. A path starting at i and ending at j is an element of the
subspace pPiqj supported at j.
Definition 2.7. For i P t1, . . . , nu, define a P1-family of modules Mλi as follows. Given
projective coordinates λ “ pλ1 : λ2q, let P2i λÝÑ P2i´1 be the map which sends the generator of
P2i to the element λ1ai ` λ2bi P pP2i´1q2i. Then Mλi is the cokernel of λ:
0 Ñ P2i λÝÑ P2i´1 ÑMλi Ñ 0.

Remark 2.8. We recall that the light subcategory L of JpQn,Wnq-mod is a P1-family of
orthogonal subcategories Lλ each equivalent to the module category of the An preprojective
algebra Λn [Cec13]. The M
λ
i are the modules corresponding to the projective-injective
Λn-modules under these equivalences. 
Definition 2.9. Let
Bλi “ ttλ : t P Q0, 0 ď λ ď i´ 1, 2pi´ λq ´ 1 ď t ď 2pn´ λqu
be the following basis of Mλi . If λ2 ‰ 0, tλ is the image of the element of the path basis
of P2i´1 whose associated tuple p2i ´ 1, tp, λp, ρp, ap, bpq has tp “ t, λp “ λ, and ap “ 0. If
λ2 “ 0, we replace the condition ap “ 0 with bp “ 0. 
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Given Proposition 2.6 it is a straightforward computation to see that Bλi is indeed a basis.
We recall from [Rin98] the notion of a coefficient quiver. Let M be a representation of a
quiver Q and B “ tbiu a basis of M such that Bv “ B XMv is a basis of Mv for all v P Q0.
The coefficient quiver ΓB of B has pΓBq0 “ B and an edge from bi P Bv to bj P Bw for every
edge a : v Ñ w of Q such that cj ‰ 0 in the expansion
bia “
ÿ
bkPBw
ckbk.
Let Γλi denote the coefficient quiver of the basis B
λ
i of M
λ
i . We say a subquiver Γ
1 Ă Γλi is
successor-closed if whenever i is a vertex of Γ1 and a : iÑ j an edge of Γλi , a and j are also
an edge and vertex of Γ1. The following proposition says that the submodule structure of Mλi
is completely determined by the coefficient quiver of Γλi .
Proposition 2.10. Submodules of Mλi are in bijection with successor-closed subquivers of Γ
λ
i .
The submodule NΓ1 corresponding to a successor-closed subquiver Γ
1 is the subspace spanned
by its vertices.
Proof. The proposition is equivalent to the claim that for any submodule N of Mλi , N XBλi
is a basis of N . For any t P pQ0qn, define Et P EndpMλi qt by
Et “
$’’’&’’’%
rjaj`1`j`1aj t “ 2j, λ2 ‰ 0
rjbj`1`j`1bj t “ 2j, λ2 “ 0
ajrjaj`1`j`1 t “ 2j ´ 1, λ2 ‰ 0
bjrjbj`1`j`1 t “ 2j ´ 1, λ2 “ 0.
Here again any terms referring to nonexistent edges such as rn are understood to be zero.
The basis pBλi qt of pMλi qt is of the form
pBλi qt “ ttk, tk`1, . . . , tmu
for some k and m. It is clear that Et takes t` to t``1 for ` ă m and takes tm to 0. It follows
that pBλi qt restricts to a basis of any subspace of pMλi qt that is invariant under Et, which in
particular includes the subspace Nt of any submodule N . 
In particular, all quiver Grassmannians of Mλi are points; the corollary that the Euler
characteristics of all its quiver Grassmannians are equal to 1 is Theorem 1 of [CI11] applied
to the case at hand.
Remark 2.11. Note that if we replace all double edges of Γλi with single edges, we obtain
the Hasse diagram of a partially-ordered set. The proposition says that the ideal lattice of
this poset is isomorphic with the submodule lattice of Mλi . 
In anticipation of computing the cluster characters of the Mλi let us compute now their
injective resolutions. Let σn be the permutation of pQnq0 defined by
σnp2kq “ 2k ´ 1, σnp2k ´ 1q “ 2k.
The potential Wn on Qn induces an opposite potential W
op
n on Q
op
n . The permutation σn
induces an isomorphism of Q and Qop which descends to an isomorphism of JpQn,Wnq and
JpQopn ,W opn q – JpQn,Wnqop. We denote the corresponding equivalence of J-mod and Jop-mod
by σn as well. It is clear that we have isomorphisms
Iσnpkq – DσnPk,
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where D “ HomCp´,Cq. We also let
νn : i ÞÑ n` i´ 1
denote the Nakayama involution of t1, . . . , nu.
Proposition 2.12. Given 1 ď j ď n and λ P P1, let I2j λÝÑ I2j´1 be the map obtained by
applying Dσn to P2j
λÝÑ P2j´1. Then we have an exact sequence
0 ÑMλνnpjq Ñ I2j λÝÑ I2j´1 Ñ 0.
In particular, Mλνnpjq is the Auslander-Reiten translation of M
λ
j , and x
coindMλj “ x2νnpiq´1x´12νnpiq.
Proof. We can see that DσnpMλj q –Mλνnpjq by considering the action of Dσn on the basis Bλj
of Mλj . Its image is a basis of DσnpMλj q, whose elements we denote by
ttλ˚ : t P Q0, 0 ď λ ď i´ 1, 2pi´ λq ´ 1 ď t ď 2pn´ λq.
The action of the edges of Qn on this basis are easily computed by taking duals and reindexing
by σn. The reader may check that
tλ˚ ÞÑ pσntqn´λ´t t`12 u
induces a bijection between this basis and the basis Bλνnpjq of M
λ
νnpjq that is compatible with
the action of the edges of Qn, hence induces an isomorphism of modules. That M
λ
νnpjq – τMλj
follows from checking easily that I2j´1
λÝÑ I2j is also obtained by applying the Nakayama
functor to P2j
λÝÑ P2j´1. 
Remark 2.13. The quiver Qn has a maximal green sequence obtained by mutating alternately
at all odd-numbered vertices or all even-numbered vertices n`1 times [ACC`11]. This amounts
to advancing n` 1 steps in the An Q-system [Ked08], hence the associated automorphism is
discrete integrable in the sense that it preserves the Hamiltonians Hi [DK10, GSV11]. On the
other hand, by results of [KR07] this automorphism has the property that, after composing
with a specific permutation of the vertices of Qn, it takes CCpMq to CCpτMq (this is the
unique permutation inducing an isomorphism of the principally-framed quiver and the result
of applying the maximal green sequence to the principally-framed quiver [BDP14])2. In our
case, this permutation coincides with the one induced by the Nakayama involution νn, which
can be shown by studying the induced maximal green sequences of the An subquivers of
Qn. Thus the discrete integrability of (the pn` 1qst iteration of) the Q-system is equivalent
to the fact that Mλνnpjq – τMλj . We note that the conservation of expectation values of
Wilson lines in N “ 2 gauge theories by their monodromy operators is also treated from a
representation-theoretic perspective in [CD]. 
2.3. Relativistic Toda Hamiltonians are Cluster Characters. In this section we com-
pute the cluster characters of the modules Mλi introduced in the previous section and show
they coincide with the open relativistic Toda Hamiltonians Hi. In particular, since CCpMλi
is independent of the value of λ, the following theorem implies that the Hamiltonians are
elements of the generic basis of
Theorem 2.14. For each 1 ď i ď n, we have Hi “ CCpMλi q for all λ P P1.
2We thank Pierre-Guy Plamondon for pointing out the relevance of [KR07] to us.
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Remark 2.15. In particular, since CCpMλi is independent of the value of λ, the Hamiltonians
are elements of the generic basis [Dup12]. This basis consists of cluster characters of generic
representations of each possible index, and generalizes the dual semicanonical basis to arbitrary
cluster algebras [GLS12]. It seems likely that when applied to the case at hand any reasonable
construction of canonical bases for cluster algebras will also contain these Hamiltonians.
However, already in the case of the 2-Kronecker quiver different standard constructions will
produce different bases for the subalgebra consisting of polynomials in H1. For example,
the generic basis contains H21 , the triangular basis [BZ14] contains H
2
1 ´ 1, and the theta
[GHKK14] basis contains H21 ´ 2. 
Proof. There are two components to the proof. First, we prove that the coindex of Mλi agrees
with the corresponding term appearing in Hi. Second, we construct a bijection between
nonintersecting i-tuples of closed directed paths in N i and successor-closed subgraphs of
Γλνnpiq, showing that this identifies weights of paths with dimension vectors in the appropriate
sense.
Recall from Proposition 2.2 that Hi is equal to the weighted sumÿ
P“tp`ui´1`“0
wtpP q
of all nonintersecting i-tuples of closed directed paths in N i. There is a unique such i-tuple
Pmin such that
wtpP q{wtpPminq P Cry1, . . . , y2ns
for each other i-tuple P . It is straightforward to see that
wtpPminq “
i´1ź
`“0
¨˝
2nź
j“2pn´`q`1
yj‚˛.
Equivalently, wtpPminq is the contribution to Hi of the action ofź
i
py2i´1y2iqω_i
on the lowest weight space of
ŹiCn`1 (which has weight ´ωνnpiq). Since y2i´1 “śj xCij2j and
y2i “śj x´Cij2j´1, where C is the An Cartan matrix, we haveź
i
py2i´1y2iqω_i “
ź
i,j
px´12j´1x2jqCijω
_
i
“
ź
j
px´12j´1x2jqα
_
j .
But on the lowest weight space this acts by the scalarź
j
px´12j´1x2jq´ωνnpiqpα
_
j q “ x2νnpiq´1x´12νnpiq,
hence
wtpPminq “ xcoindMλi
by Proposition 2.12.
Recall from Definition 2.9 that the vertices of Γλi are the elements of the basis
Bλi “ tt` : t P Q0, 0 ď ` ď i´ 1, 2pi´ `q ´ 1 ď t ď 2pn´ `qu.
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Given a successor-closed subquiver Γ1 Ă Γλi and 0 ď ` ď i´ 1, let
m`pΓ1q “ mintt : t` P Γ10u
if the right-hand side is nonempty, and m`pΓ1q “ 2pn´ `q ` 1 otherwise. For 2pi´ `q ´ 1 ď
t, t1 ď 2pn´ `q, there is an arrow t` Ñ t1` in Γλi if and only if t1 “ t` 1. In particular, we have
Γ10 “ tt` P Bλi : t ě m`pΓ1qu,
so Γ1 is completely determined by the i-tuple tm`pΓ1qui´1`“0. On the other hand, for 0 ď `, `1 ď
i´1, ` ‰ `1, there is an arrow t` Ñ t1` 1 in Γλi if and only if `1 “ ``1, t is even, and t1 “ t´3. It
follows that an i-tuple tm`ui´1`“0 is of the form tm`pΓ1qui´1`“0 for some successor-closed subquiver
Γ1 if and only if
(2.16)
2pi´ `q ´ 1 ď m` ď 2pn´ `q ` 1 for 0 ď ` ď i´ 1,
m``1 ď m` ´ 3 for 0 ď ` ď i´ 2 and m` even
m``1 ď m` ´ 2 for 0 ď ` ď i´ 2 and m` odd.
The term contributed to CCpMλi q by the associated submodule NΓ1 is
ydimNΓ1 “
i´1ź
`“0
¨˝
2pn´`qź
j“m`pΓ1q
yj‚˛.
Now let P “ tp`ui´1`“0 be a nonintersecting i-tuple of closed directed paths in N i, indexed so
that for i ă j, pi lies below pj (equivalently, wtppjq{wtppiq P Cry1, . . . , y2ns). For 0 ď ` ď i´1,
define m` “ m`pP q by the condition
wtpp`q “ ym`ym``1 ¨ ¨ ¨ y2n
if wtpp`q ‰ 1, and m`pΓ1q “ 2pn´ `q ` 1 if wtpp`q “ 1. It is straightforward to see that this
assignment defines a bijection between the set of nonintersecting i-tuples of closed directed
paths in N i and the set of i-tuples tm`ui´1`“0 satisfying (2.16), hence the set of successor-closed
subquivers of Γλi . We have m`pPminq “ 2pn´ `q ` 1, so that
wtpP q{wtpPminq “
i´1ź
`“0
¨˝
2pn´`qź
j“m`pΓ1q
yj‚˛.
But then
Hi “ wtpPminq
ÿ
P“tp`u
wtpP q{wtpPminq
“ xcoindMλi
ÿ
Γ1ĂΓλi
ydimNΓ1
“ CCpMλi q,
completing the proof. 
Example 2.17. On the left is the coefficient quiver Γλ3 of the 18-dimensional representation
Mλ3 of JpQ5,W5q for λ “ p1 : 0q. On the right is the directed graph Ni associated with SLc,c6 .
There are 61 successor-closed subquiver of Γλ3 , hence 61 submodules of M
λ
3 . These correspond
to 61 nonintersecting triples of closed directed paths in N i. The circled subquiver on the left
corresponds to the highlighted triple on the right, and to a 6-dimensional submodule of Mλ3 .
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50
60
51
61
52
62
70
80
71
81
90
100
31
41
32
42
12
22
y1 y2
y3 y4
y5 y6
y7 y8
y9 y10

2.4. Cluster Characters and Framed Quiver Moduli. There is a general correspondence
between quiver Grassmannians and moduli spaces of framed quiver representations [Rei08],
and in this section we recall how to rewrite the cluster characters CCpMλi q in terms of
framed quiver moduli. While the perspective of quiver Grassmannians is more natural
from the point of view of cluster algebras [CC06, CK06, Pal08], the perspective of framed
quiver moduli is more natural from the point of view of framed BPS indices in N “ 2 field
theory [GMN13a, CDM`13, CN13, Cir13]. Thus our aim here is to clarify how to equate
the expressions CCpMλk q with the types of expressions considered in the literature on line
operators in N “ 2 theories.
A framing of a quiver Q is a new quiver Q containing Q as a full subquiver along with
one additional vertex called the framing vertex. We generally assume a fixed labeling of Q0
by t1, . . . , nu, and extend this to label the framing vertex by 0. If Q comes with a potential
W , we will denote by W a choice of its extension to Q; that is, W is a sum of W and some
collection of cycles which include arrows whose source is the framing vertex.
Definition 2.18. A framed representation of JpQ,W q is a representation M of JpQ,W q
for some framed quiver with potential pQ,W q, and such that dimM0 “ 1. We refer to the
subspace ‘ni“1Mi as the unframed part of M . 
Recall that a stability condition on a finite-length abelian category C is a homomorphism
Z : K0pCq Ñ C such that ZprM sq lies in the upper-half plane for any object M of C. An
object M is stable if
argZprLsq ă argZprM sq
for all proper subobjects L of M . Given a stability condition on JpQ,W q-mod and a dimension
vector e P Zn, we write MsepQ,W q for the moduli space of stable framed representations
whose unframed part has dimension e.
We say a stability condition Z on JpQ,W q-mod is cocyclic if
argZprS0sq ă argZprSisq
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for all 1 ď i ď n. We say a framed representation M of JpQ,W q is cocyclic if every nontrivial
submodule contains M0. It is straightforward to show that a framed representation of JpQ,W q
is stable with respect to a cocyclic stability condition if and only if it is cocyclic.
For the quiver Qn, we write Q
k
n for the framed quiver with no oriented 2-cycles such that
pQknq0i “
$’&’%
1 i “ 2k ´ 1
´1 i “ 2k
0 otherwise.
For λ “ pλ1 : λ2q P P1, let W λn denote the potential
W
λ
n “Wn ` λ1akcd` λ2bkcd
on Q
k
n, where c and d denote the arrows from 0 to 2k ´ 1 and from 2k to 0, respectively.
Proposition 2.19. Let Z be a cocyclic stability condition on JpQkn,W λnq-mod, and M a cocylic
framed representation. The unframed part of M is isomorphic to a unique subrepresentation
of Mλνnpkq. In particular, MsepQ
k
n,W
λ
nq – GreMλνnpkq for all dimension vectors e P N2n, so
CCpMλνnpkqq “ x2k´1x´12k
ÿ
ePZn
χpMsepQkn,W λnqqye.
Proof. Since M is cocyclic, it is a submodule of I0 with dimM0 “ 1 hence c acts by 0. The
unframed part Mu of M is then a JpQn,Wnq-module which injects into I2k. But the relation
BcW λ “ pλ1a` λ2bqd “ 0 forces the image of Mu to lie in the kernel of the map I2k λÝÑ I2k´1,
which by Proposition 2.12 is Mλνnpkq. Since each GreM
λ
νnpkq is either a point or empty, we
trivially obtain the stated isomorphism. 
3. Relativistic Toda Systems and Spectral Networks
In this section we identify the phase space SLc,cn`1{AdH with a wild character variety of
P1 with singularities at 0 and 8, and the open relativistic Toda Hamiltonians with traces
of holonomies around the nontrivial cycle of C˚. This character variety is related by the
wild nonabelian Hodge correspondence to the periodic nonrelativistic Toda system, viewed as
a meromorphic Hitchin system on P1. The spectral networks of the periodic Toda system
endow it with a structure essentially that of a cluster variety of type Qn; more precisely, it
is birational to a space intermediate between the corresponding A- and X -varieties. This
implicitly identifies SLc,cn`1{AdH with the wild character variety up to a finite cover, and
showing this takes traces of holonomies to Hamiltonians consists in carefully studying the
trajectories of certain differential equations defined by the periodic Toda spectral curves. We
show that the description of the relativistic Toda Hamiltonians as weighted sums of paths in
a directed graph reappears exactly in the path-lifting description of the parallel transport
around C˚, the directed graph N i used in Section 2.1 to describe the cluster coordinates on
SLc,cn`1{AdH reemerging here as the 1-skeleton of the periodic Toda spectral curve.
3.1. Path-lifting in Nonsimple Spectral Networks. For a generic spectral curve of even
a simple Hitchin system, it may be difficult to explicitly describe the trajectories of differential
equations that comprise the associated spectral network. Our purposes, however, give us
the flexibility to restrict out attention to special Toda spectral curves with additional global
symmetries. This simplifies the situation enough to perform an essentially exact analysis, but
these nongeneric curves will no longer have only simple ramification. Thus in this section we
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collect some technical preliminaries concerning the path-lifting rules defined by nonsimple
spectral networks.
Such a network can be “resolved” into a simple spectral network in several ways, each of
which defines an equivalent path-lifting rule in a suitable sense. In particular, suppose we
have a path ℘ that passes through a neighborhood of a nonsimple branch point, for example
in the case of WN a path that is a slight perturbation of a line through the origin. The
number of walls crossed by ℘ grows quadratically with N . However, we can construct a simple
network W 1N equivalent to WN such that ℘ crosses only N ´1 walls of W 1N . In particular, W 1N
provides a much less redundant description of the parallel transport along ℘. Analytically, if
a nonsimple network is defined by a spectral curve Σ in the cotangent bundle of a Riemann
surface C, resolutions of this sort may be constructed from a generic perturbation of Σ. Below
we provide an explicit combinatorial description of all possible resolutions, which will prove
useful for practical computations later.
Recall the network WN from appendix C and Figure 7. The points along any fixed wall pc
of WN have the same argument, which we denote by arg pc.
Definition 3.1. Let pc be a wall of WN for some N ą 2 and let θ “ arg pc. The splitting of
WN of phase θ is the subset Sθ :“ tpc : arg pc P rθ, θ` piqu of walls of WN . A splitting of WN
is a subset of its walls of this form for some phase 
Definition 3.2. Let b be a branch point of Σ Ñ C whose monodromy is an N -cycle for
N ą 2, and W a spectral network subordinate to Σ. By assumption, there is a bijection
between the walls of W born at b and the walls of WN . A splitting of W at b is a subset
S “ tpcu of these walls which is identified with a splitting of WN under this bijection. 
We will identify the set of ordered pairs of distinct indices 0, 1, . . . , N ´ 1 with roots of
SLN in the natural way. In particular, if the sheets of a branched cover Σ are labeled locally
by 0, 1, . . . , N ´ 1, the walls of a spectral network subordinate to Σ are then labeled by roots
of SLN .
Definition 3.3. We associate a choice Φ of positive roots of SLN to the splitting Sθ of WN
as follows. First choose a branch cut along a ray tz : arg z “ ϕu for some ϕ R rθ, θ ` piq and a
labeling of the sheets of ΣN by t0, 1, . . . , N ´ 1u such that the counterclockwise monodromy
around 0 is the N -cycle
p01 ¨ ¨ ¨ pN ´ 1qq.
Then Φ is the set of ordered pairs ij for which there is a wall pc with outwardly oriented label
ij and with arg pc P rθ ` piN`1 , θ ` piq. Note that the definition of Φ depends on the choice
of labeling. Let ∆a and ∆b be the sets of positive roots for which the corresponding wall
has argument θ ` NpiN`1 or θ ` piN`1 , respectively. In other words, ∆a and ∆b are the labels of
the walls of Sθ with the largest and the second smallest argument, respectively. The subset
∆ Ă Φ of simple positive roots is exactly ∆a Y∆b. 
Definition 3.4. To a splitting S of a general spectral network W at some branch point b,
and we associate choices Φ and ∆ “ ∆a Y∆b of positive and simple positive roots via its the
local equivalence with WN . This again depends on a branch cut and suitable labeling of the
sheets near b. We let σ be the unique permutation of t0, 1, . . . , N ´ 1u such that
∆ “ tσ0σ1, σ1σ2, . . . , σN´2σN´1u.

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Figure 4. The simple network W 15 associated with the splitting S 13pi
12
of W5
consisting of walls lying in the lower-half plane. See Figure 7 for an illustration
of W5. Here ∆a “ t03, 12u, ∆b “ t20, 34u, and σ “ p012q. If ℘ is a path that
follows the real axis, the parallel transport associated with F p℘,W 15q factors as
a product of elements of 4 simple root subgroups corresponding to the 4 walls
℘ intersects.
To the splitting Sθ of WN we associate a new spectral network W 1N , subordinate to a
branched cover Σ1 of C with only simple ramification defined as follows. There is a simple
branch point bij inside the unit disk for each ij P ∆. If ij P ∆a (resp. ij P ∆b) then
arg bij “ θ ` pi4 (resp. arg bij “ θ ` 5pi4 ), and if ij and i1j1 are both in ∆a or both in ∆b,
then |bij | ă |bi1j1 | if and only if pσ´1qi1 ă pσ´1qi. We choose N ´ 1 branch cuts that do not
intersect in the unit disk but coalesce onto the fixed branch cut of WN outside the unit disk.
The walls of WN divide the unit circle into 2pN ` 1q disjoint arcs, and these N ´ 1 branch
cuts should each cross the unit circle on the same arc. Then Σ1 is the branched cover whose
sheets are labeled by t0, 1, . . . , N ´ 1u over the complement of the branch locus so that the
monodromy around bij interchanges i and j.
The network W 1N is determined up to isotopy by the following conditions:
(1) The intersections of WN and W 1N with the complement of the unit disk coincide. The
walls of W 1N are in bijection with those of WN , though we abuse our terminology
slightly: we will refer to as an ij-wall the union of a sequence of ij-walls, each
consecutive pair of which meets at a joint. For example, in this sense the middle
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picture of Figure 8 consists of three walls: an ij-wall crossing a jk-wall and giving
birth to an ik-wall. In the interior of the unit disk, no two walls of W 1N cross more
than once. Each wall pc of W 1N meets the unit circle exactly once and we write arg pc
for the argument of this point.
(2) If ij P ∆a (resp. ∆b), the three walls of W 1N born at bij have arguments θ, θ ` NN`1pi,
θ` N`2N`1pi (resp. θ` 1N`1pi, θ`pi, θ` 2N`1N`1 pi). No walls of the same argument intersect
inside the unit disk. The walls pc with θ ` N`2N`1pi ď arg pc ď θ (resp. θ ` 1N`1pi ď
arg pc ď θ`pi) do not intersect the semidisk tz : |z| ă 1, θ` 1N`1pi ă arg z ă θ`N`2N`1piu
(resp. tz : |z| ă 1, θ ` N`2N`1pi ă arg z ă θ ` 1N`1piu).
(3) The walls pc with θ ` 1N`1pi ă arg pc ă θ ` NN`1pi are not born at branch points, but
rather at joint where two other walls cross; we call these secondary walls and the walls
born at branch points primary walls. The labels of the secondary walls are in bijection
with Φ r∆. For some 0 ă R ă 1, all joints where a primary wall crosses another
wall lie in the region |z| ă R, and all joints where two secondary walls cross lie in the
region |z| ą R. A secondary ij-wall pc is born at a joint where an ik-wall crosses a
kj-wall for k satisfying pσ´1qk “ 1`pσ´1qi. This ij-wall crosses a primary i1j1-wall p1c
if and only if pσ´1qi1 ě pσ´1qj and arg p1c P tθ ` 1N`1pi, θ ` NN`1piu. Following pc away
from its birthplace, pc intersects these primary walls in order of increasing pσ´1qi1 .
(4) The walls pc with θ ` N`2N`1pi ă arg pc ă θ ` 2pi are also born at joints rather than
branch points. Their configuration is determined in the same fashion as those in the
previous step.
We let the reader convince themselves there exists a unique-up-to-isotopy spectral network
satisfying the above conditions.
To compare the path-lifting rules defined by WN and W 1N we define a 1-parameter family
of branched covers Σt with Σ0 “ Σ and Σ1 “ Σ1. The branch points of Σt are bij,t :“ tbij .
The family Σt lets us identify homotopy classes of paths in Σ and Σ
1 with fixed endpoints in
the complement of the unit disk.
Proposition 3.5. If ℘ is an open path with endpoints in the complement of the unit disk,
Fp℘˜,WN q “ Fp℘˜,W 1N q,
where we identify homotopy classes of open paths in Σ and Σ1 via the family Σt.
Proof. The statement is clear from the definition of W 1N when ℘ stays within a small neigh-
borhood of the unit circle. But this is sufficient since Fp℘˜,WN q is clearly invariant when we
alter ℘ by dilating the interior of the unit disk. 
Corollary 3.6. Any nonsimple spectral network W defines a path-lifting rule equivalent to
that of a simple network W 1.
Proof. Since W is equivalent to some WK in a neighborhood of any branch point b, we can
“glue in” the network W 1K associated with some splitting to obtain a new spectral network
equivalent to W. Doing this at every branch point with nonsimple ramification, we obtain a
simple spectral network which is equivalent to W. 
3.2. Toda Spectral Networks at Strong Coupling. In this section we study in detail
certain spectral networks of the periodic (nonrelativistic) Toda system, and use them to
compute traces of holonomies on the associated wild character variety. We view this system
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as a meromorphic Hitchin system on P1 with singularities at 0 and 8 whose base is
BN :“ tpu2pdz
z
q2, . . . , uN´1pdz
z
qN´1, pz ` uN ` z´1qpdz
z
qN : pu2, . . . , uN q P CN´1u.
The spectral curve Σu Ă T ˚C˚ associated with a generic point u P BN is a twice-punctured
genus N ´ 1 hyperelliptic curve, with cyclic monodromy around 0 and 8. For generic u, Σu
has 2pN ´ 1q simple branch points over C˚, and at u0 “ p0, . . . , 0q these coalesce into a pair of
branch points at ˘i with N -cyclic monodromy. For our purposes it suffices to focus entirely
on the spectral networks associated with u0, and from now on we write Σ for Σu0 and Σ for
the corresponding smooth projective curve. In the language of Seiberg-Witten theory, we
restrict our attention to the strong-coupling region of the Coulomb branch of pure N “ 2
SUpNq gauge theory.
To label the sheets of Σ we introduce a pair of branch cuts running along the imaginary
axis from i to 8 and from ´i to 0. We write ω “ e2pii{N , ωij “ ωi ´ ωj , and label the sheets
of Σ by t0, 1, . . . , N ´ 1u. The kth sheet is given by
λk :“ ω
kpz ` z´1q1{N
z
dz,
where pz`z´1q1{N is taken to mean the branch with positive real values on R`. As one crosses
either branch cut from the right-half plane to the left half-plane the sheets are permuted by
the N -cycle p01 ¨ ¨ ¨ pN ´ 1qq.
Let Wθ denote the spectral network of phase θ subordinate to Σ. The following lemma
is our main source of qualitative control over the structure of Wθ, generalizing the SUp2q
analysis at the end of [KLM`96]. In particular, the condition on z1ptq in the statement applies
to any parametrization of a wall of Wθ, and ultimately guarantees that they either lie entirely
on the unit circle or never intersect it.
Lemma 3.7. Fix R ą 0 and a phase φ, and let zptq be a path in C˚ defined for 0 ď t ď R.
Suppose that zptq satisfies
arg z1ptq “ φ` arg zpz ` z´1q1{N
for 0 ă t ď R, the value of pz ` z´1q1{N being determined by analytic continuation along zptq.
Suppose that for all sufficiently small t ą 0, |zptq| is either less than 1 and decreasing, equal
to 1 and constant, or greater than 1 and increasing. Then the same condition holds for all t.
Proof. For z R t0, i,´iu write
θz :“ φ` arg zpz ` z´1q1{N ´ arg z.
Below, the branch of pz ` z´1q1{N we mean will always be specified via analytic continuation
from some zptq. In particular, ddt |zptq| is negative, zero, or positive exactly when θzptq lies in
ppi2 , 3pi2 q, tpi2 ,´pi2 u, or p´pi2 , pi2 q, respectively. Likewise, ddt arg zptq is negative, zero, or positive
exactly when θzptq lies in p´pi, 0q, t0, piu, or p0, piq, respectively.
Let R denote the right unit half-disk, BRa :“ tri : 0 ă r ă 1u, BRb :“ tz : Re z ą 0, |z| “ 1u,
and BRc :“ t´ri : 0 ă r ă 1u, so that
BR “ BRa Y BRb Y BRc Y t0, i,´iu.
Any branch of θz on R takes constant values θa, θb, and θc along each of BRa, BRb, and BRc.
We have θb “ θc ` pi2N , θa “ θc ` piN , and θc ă θz ă θa for all z in the interior of R. More
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Figure 5. Trajectories zptq satisfying arg z1ptq “ ´pi2 ` arg zptqpzptq`zptq´1q1{3 .
Lemma 3.7 says that once a trajectory enters the unit disk it will always be
moving closer to the origin.
precisely, for fixed 0 ă r ă 1, θreiϕ goes from θc to θa as ϕ goes from ´pi2 to pi2 , and for fixed
ϕ P p´pi2 , pi2 q θreiϕ goes from θa` 2ϕ`pi2N to θb as r goes from 0 to 1. Analogous statements hold
replacing R by ´R throughout.
Suppose that zptq P R and θzp0q P ppi2 , 3pi2 q, where θzp0q :“ limtÑ0 θzptq (note that we may
have zp0q “ ˘i even though θ˘i is undefined). Consider the branch of θz on R determined by
z1ptq. We consider several cases depending on the values of θa and θc:
(1) θc ď pi ď θa: If zptq never leaves R the claim follows since θzptq P ppi2 , 3pi2 q for all t.
Otherwise there is some t1 ă R with zptq P R for 0 ď t ď t1 and zptq R R for all
sufficiently small t ą t1. But the hypothesis on θa, θc implies that z1pt1q cannot be
directed towards the complement of R regardless of where zpt1q lies along BR, a
contradiction.
(2) pi2 ď θc ă θa ă pi: Again if zptq never leaves R the claim follows, otherwise let t1 ă R
be as above. We necessarily have zpt1q P BRa since this is the only part of the
boundary along which z1pt1q could be directed towards the complement of R. But now
inductively suppose suppose that for some tn, zptnq P p´1qnBRc and zptq P p´1qnR
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for all sufficiently small t ą tn. Let θnz denote the relevant branch of θz on p´1qnR,
and θna , θ
n
c its values on p´1qnBRa, p´1qnBRc. Suppose also that θna “ θc` npiN . If zptq
never leaves p´1qnR for t ą tn or if θnc ď pi ď θna the claim follows. Otherwise, there
is some minimal tn`1 ą tn satisfying the above hypotheses. But since θna “ θc ` npiN
we eventually have θnc ď pi ď θna .
(3) pi2 ´ piN ă θc ă pi2 : Let Rin “ tz P R : θz P rpi2 , 3pi2 su. There is an arc BRinc Ă BRin
with θz “ pi2 for all z P BRinc , and which intersects every circle of radius r P p0, 1q
around the origin at exactly one point. Depending on whether θb P p0, pi2 q, θb “ pi2 , or
θb P ppi2 , piq, one endpoint of BRinc is 0 and the other is i, 1, or ´i, respectively. Again,
if zptq never leaves Rin the claim follows, otherwise it must cross BRa as it leaves and
we are in the inductive situation above.
The remaining cases θzp0q P ppi, 3pi2 q or θzp0q P p´pi2 , pi2 q can be dealt with through a simple
modification of this argument. 
In general any wall of Wθ will be coincident with several other walls with distinct labels.
We refer to a maximal collection of coincident walls as a multiwall. In Wθ there are 2pN ` 1q
multiwalls born at i, and up to rotation and choice of branch cut their label sets are the same
as those of WN (likewise for ´i).3 Note that as z Ñ ˘i,
pz ` z´1q1{N
z
„ ¯2ipz ¯ iq1{N .
In particular, for generic θ, N ` 1 of the multiwalls born at i lie initially inside the unit disk
and N ` 1 lie initially in its complement. It follows from Lemma 3.7 that these multiwalls
in fact lie entirely inside the unit disk or its complement, respectively. We take those lying
in the interior of the unit disk to define a splitting of Wθ at i in the sense of Definition 3.2.
Following Definition 3.4 we have associated sets Φθ and ∆ of positive and simple positive
roots of SLN , and a permutation σ defined by
∆ “ tσ0σ1, σ1σ2, . . . , σN´2σN´1u.
We likewise have subsets ∆a and ∆b of ∆ consisting of the labels of the first and second-to-last
multiwalls lying in the unit disk, taken in clockwise order around i. We will also
We define a second choice of simple positive roots
∆1 :“ tτapjiq : ij P ∆u,
where τa is the product of the simple reflections across the elements of ∆a (these commute, so
we needn’t specify their order). We define Φ1θ, ∆1a, and ∆1b similarly, noting that ∆1a “ ∆a.
Equivalently, ∆1 is the choice of simple roots associated with the splitting of Wθ at i composed
of walls lying in the complement of the unit disk, relative to a branch cut isotoped from our
original cut by a clockwise rotation to initially lie tangent to the unit circle.4
For 0 ď j, k ă N , let Rjk (resp. Ljk) denote the oriented simple closed curves on Σ whose
projection to C˚ is the right (resp. left) unit semicircle, and which crosses from sheet j to
sheet k over ´i and from sheet k to sheet j over i. For 1 ď k ă N we let
αk :“ σk´1σk P ∆, α1k :“ τapσkσk´1q P ∆1,
and
γk :“ Rαk , γ1k :“ Lα1k .
3This holds for any network where multiplication by Nth roots of unity acts transitively on the sheets of
the spectral curve, in which case the possible label sets correspond to the 2pN ` 1q possible values of argpωijq.
4Though from this point of view we have reversed our convention about which subset is ∆1a and which is ∆1b.
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Let us recall some terminology concerning BPS spectra; for a mathematical audience we
will simply define the relevant notions directly in terms of a spectral curve.
Definition 3.8. Let C be a Riemann surface and Σ Ă T ˚C a branched cover of C. An
oriented path pc in C is a BPS ij-string of phase θ if i and j are sheets of Σ over pc and
(3.9) argxp1cptq|λpiq ´ λpjqy “ θ
for any oriented parametrization of pc. Here λ
piq and λpjq are the 1-forms on C given by the
sheets i and j. 
Definition 3.10. A finite BPS web of phase θ is a union of finitely many compact BPS
strings of phase θ such that an endpoint of any ij-string is either a branch point where sheets
i and j meet, or a junction where three BPS strings in the web meet. The labels of the
strings meeting at a junction should be of the form ij, jk, and ki, and these strings should be
oriented all towards or all away from the junction. 
Each BPS ij-string pc has an associated lift to a pair of segments in Σ. One is its preimage
on sheet j with the same orientation and the other its preimage on sheet i with the reversed
orientation. Given a finite BPS web W , the union WΣ of the lifts of its BPS strings is a
closed oriented path in Σ. The following definition is not quite standard as it does not record
multiplicities; rather, it is the minimal notion we need to talk about cluster coordinates on a
toric nonabelianization chart.
Definition 3.11. The BPS spectrum of a curve Σ Ă T ˚C is
S “ trWΣs : WΣ is the lift of a finite BPS webu Ă H1pΣ,Zq.
Each phase θ determines a subset of positive charges
S` “ trWΣs P S : θ ă argZpWΣq ă θ ` piu.
Here Z denotes the central charge
Z : γ ÞÑ
ż
γ
λ,
where λ is the restriction of the Liouville form on T ˚C. Let B Ă S` be the unique subset
with the property that any element of S` may be written uniquely as a positive integral
combination of elements of B, if such a subset exists. The BPS quiver QΣ,θ has vertices
indexed by the elements of B and maxt0, xγ, γ1y ´ xγ1, γyu arrows from vertex rγs to vertex
rγ1s. 
The strong-coupling BPS spectrum of pure N “ 2 SUpNq Yang-Mills was computed in
[Ler00] and later in [ACC`11] using different methods. Below we show how Lemma 3.7
lets us exactly calculate the finite BPS webs of the Toda spectral curve Σ, recomputing
the strong-coupling spectrum directly as defined in terms of BPS strings (mathematically,
these previous computations refer to distinct ways of defining the spectrum). A Mathematica
computation of the finite webs in the N “ 3 case was given in [GMN13b]. Note that below
we consider the closed curve Σ in place of the open curve Σ.
Proposition 3.12. With respect to a generic phase θ, the positive part of the BPS spectrum
of Σ is
B` “ trRijs : ij P Φθu Y trLijs : ij P Φ1θu
and its positive integral basis is
B “ trγis, rγ1is : 1 ď i ă Nu.
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The BPS quiver is QN´1, where under our labeling γj corresponds to vertex 2j (resp. 2j ´ 1)
if αj P ∆b (resp. ∆a), and γ1j corresponds to vertex 2j (resp. 2j ´ 1) if α1j P ∆1a (resp. ∆1b).
Proof. Suppose W is a finite BPS web that intersects the interior of the unit disk nontrivially.
Since W is a finite union of closed segments, a minimum value of |z| is attained at some
zmin P W . It follows from Lemma 3.7 that if pc is a BPS string in W with zmin P pc, then
zmin must lie at an endpoint of pc. In particular, zmin has to lie at a junction of three BPS
strings. But the labels of these are of the form ij, jk, and ki, and it follows from eq. (3.9) that
if zmin minimizes |z| on two of these strings it cannot minimize it on the third, a contradiction.
Similarly there are no finite webs that intersect the complement of the unit disk nontrivially.
On the other hand, as ϕ varies from θ to θ`pi, the walls of Wϕ born at i rotate around i and
degenerate to finite webs covering the right and left unit semicircles at certain critical values of
ϕ. The canonical lifts of these finite webs are exactly the paths tRij : ij P ΦθuYtLij : ij P Φ1θu,
and any finite web which includes a BPS string lying on the unit circle arises in this way.
The cycles γi, γ
1
i comprise the simple roots ∆ Ă Φθ, ∆1 Ă Φ1θ, hence make up the basis B.
Noting that they can be deformed to intersect only at the branch points, it is an elementary
computation to derive the quiver QN´1 from their intersection numbers. 
Let MSLN pCq denote the wild SLN -character variety of C “ C˚ related to the periodic
Toda phase space by the wild nonabelian Hodge correspondence. We will not require a careful
definition of this space or of the relevant Stokes data at 0, 8. Indeed, there are unresolved
technical issues in extending the nonabelian Hodge correspondence to the present setting,
as the treatment in [BB04] makes certain semisimplicity assumptions not satisfied by Toda
systems. However, it is expected that this assumption can be lifted, see for example [Wit08].
More to the point, these analytic issues are orthogonal to our immediate goals. For our
purposes it is enough that we can use the spectral network Wθ to obtain an unambiguous
definition of the pullback from MSLN pCq to MGL1pΣq of the trace of the holonomy around a
closed path in C.
Recall that the spectral network Wθ defines a nonabelianization map ΨWθ : MtwGL1pΣq Ñ
MtwSLN pCq between spaces of twisted local systems. Passing to untwisted local systems requires
a choice of spin structure. Recall that a spin structure on Σ may be given as a quadratic
refinement
σ : H1pΣ,Zq Ñ Z{2Z, σpγ ` γ1q “ p´1qxγ,γ1yσpγqσpγ1q.
For each γ P H1pΣ,Zq, let yγ P CrMGL1pΣqs be the holonomy around γ, and pyγ P CrMtwGL1pΣqs
the corresponding twisted holonomy (that is, the holonomy around the canonical homology
lift of γ [Joh80]). A quadratic refinement σ defines an isomorphism
ισ : MGL1pΣq ÑMtwGL1pΣq, ισ˚ : pyγ ÞÑ p´1qσpγqyγ .
From now on let σ denote the following quadratic refinement σ on Σ. Let
Bi :“
#
γi αi P ∆a
γ1i αi P ∆b.
Let Di be the homology class of the simple closed curve in Σ which covers the clockwise-
oriented unit circle, lies on sheet σi above the right unit semicircle, and lies on sheet τaσi
above the left unit semicircle. Then if Aj :“ řkěj Dk for 1 ď j ď N , the reader may check
that xAi, Bjy “ δij . We then define σ by
σpAiq “ 1, σpBiq “ ´1.
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Note that
γi “
#
Bi αi P ∆a
Ai´1 ´ 2Ai `Ai`1 ´Bi αi P ∆b , γ
1
i “
#
Bi αi P ∆b
Ai´1 ´ 2Ai `Ai`1 ´Bi αi P ∆a ,
where we let A0 “ AN “ 0. In particular, σpγiq “ σpγ1iq “ ´1 for all i, which will be the main
property we care about.
Let y1, . . . , y2pN´1q P CrMGL1pΣqs denote the holonomies around the elements of B, indexed
according to the identification of B with the vertices of QN´1 described in Proposition 3.12.
Let ℘ denote the clockwise-oriented unit circle, Vk “Źk CN , and trVk Hol℘˜ P CrMtwSLnpCqs
the trace in Vk of the holonomy around the canonical lift ℘˜ of ℘ to the unit tangent bundle.
The network Wθ lets us pull back trVk Hol℘˜ along ΨWθ to MtwGL1pΣq, and the quadratic
refinement σ lets us pull it further back along ισ to MGL1pΣq.
The sublattice Γ Ă H1pΣ,Zq generated by B has index N , and the maps
Γ ãÑ H1pΣ,Zq ãÑ Γ˚
induce maps of tori
XQN´1 MGL1pΣq AQN´1 .
Here XQN´1 – HompΓ,C˚q and AQN´1 – HompΓ˚,C˚q as in appendix A and the composition
of these maps is the usual map yj ÞÑśi xQjii . With this in mind we conflate ισ˚ΨW˚θ trVk Hol℘˜
with its expression in coordinates on AQN´1 in order to compare it with the relativistic Toda
Hamiltonian Hk.
Theorem 3.13. For generic θ and 1 ď k ď N , we have Hk “ ισ˚ΨW˚θ trVk Hol℘˜ .
Proof. Following Corollary 3.6, we can resolve Wθ by an equivalent simple spectral network
W 1θ subordinate to a cover Σ1 which deforms Σ. Recall from Proposition 2.2 that the expansion
of Hk in cluster coordinates is the weighted sum of nonintersecting k-tuples of closed directed
paths in the directed annular graph N i. Here we define another graph NW , equivalent to N i
in the sense described in Section 2.1. This graph will be embedded into Σ1 as the union of the
paths appearing in the expansion F p℘,W 1θq used to compute ΨW˚θ trVk Hol℘˜. This embedding
induces an isomorphism on first homology groups that identifies B with the set of face cycles
of NW and N i. The result then follows by establishing a suitable bijection between the terms
appearing in F p℘,W 1θq and the maximal directed paths in NW and N i.
Analogously with Ni, we define a graph NW via the following embedding into r0, 1s2:
NW “
˜
N´1ď
k“0
r0, 1s ˆ t k ` 1
N ` 1u
¸
Y
˜ ď
αiP∆b
t1
5
,
4
5
u ˆ rN ` 1´ i,N ´ is
¸
Y
˜ ď
αiP∆a
t2
5
,
3
5
u ˆ rN ` 1´ i,N ´ is
¸
.
The vertical edges of the form t15uˆrN `1´ i,N ´ is and t35uˆrN `1´ i,N ´ is are directed
upward, those of the form t25u ˆ rN ` 1´ i,N ´ is and t45u ˆ rN ` 1´ i,N ´ is are directed
downward, and the horizontal edges are directed leftward. We let NW denote the closed
directed graph which is the image of NW in S1 ˆ r0, 1s after identifying the left and right
edges of r0, 1s2. The graph NW is equivalent to N i in the sense described in Section 2.1; in
particular, there is a canonical isomorphism H1pNW ,Zq – H1pN i,Zq and a bijection between
their closed directed paths.
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Consider the splitting of Wθ at ´i consisting of walls lying in the complement of the unit
disk. Along with our chosen splitting at i of walls lying inside the unit disk, this determines a
simple network W 1θ subordinate to a cover Σ1. The path ℘ intersects exactly 2pN ´ 1q walls
of W 1θ in the following order. Let
∆op :“ tij : ji P ∆u,
defining ∆opa , ∆
op
b analogously. Then as ℘ passes through a neighborhood of i (resp. ´i) it
crosses a series of walls labeled by ∆b (resp. ∆a) then another series labeled by ∆
op
a (resp.
∆b). We may choose branch cuts so that after crossing the N ´ 1 walls near i, ℘ crosses a
series of branch cuts labeled by the simple reflections around the elements of ∆a, and then
crosses an identically labeled series of branch cuts before crossing any of the walls near ´i.
We now take ℘ to have its basepoint at 1, and consider the expansion
F p℘,W 1θq “
ÿ
a
Ω
1p℘˜,W 1θ,aqXa.
We claim that the union of the open paths a for which Ω
1p℘˜,W 1θ,aq ‰ 0 defines an embedding
of NW into the unit tangent bundle of Σ1. This union is composed of the preimages of the
canonical lifts of ℘, which we identify with the horizontal paths in NW , and segments with
endpoints on these preimages which lie along canonical lifts of the walls crossed by ℘, which
we identify with the vertical paths in NW . Specifically, the horizontal edge r0, 1s ˆ t k`1N`1u is
identified with the lift of the path Dk introduced in the definition of σ above. The vertical
walls of the form t15u ˆ rN ` 1´ i,N ´ is (resp. t15u ˆ rN ` 1´ i,N ´ is) are identified with
segments of the canonical lifts of the walls labeled by ∆opb (resp. ∆a) crossed by ℘ near ´i
(plus small segments along the unit tangent circles above the intersections of ℘ and these
walls as in eq. (C.4)). Likewise, the vertical walls of the form t35u ˆ rN ` 1´ i,N ´ is (resp.
t45u ˆ rN ` 1´ i,N ´ is) are identified with the segments of the canonical lifts of the walls
labeled by ∆opa (resp. ∆b) crossed by ℘ near i.
After projecting to Σ1, this embedding induces an isomorphism ofH1pNW ,Zq withH1pΣ1,Zq.
Letting Σ
1
denote the smooth closure of Σ1, the projection to H1pΣ1,Zq further identifies the
face cycles of NW (taken with counterclockwise orientation) with B. The reader may check
that this identification is compatible with the identification of each set of cycles with the
vertices of QN´1.
The open paths a for which Ω
1p℘˜,W 1θ,aq ‰ 0 are exactly the images of the maximal directed
paths in NW (that is, directed paths starting and ending on boundary vertices of NW). In
particular, we have
ΨW˚ trVk Hol℘ “
ÿ
taiuki“1
kź
i“1
pyai ,
where the sum is over nonintersecting k-tuples of closed paths with Ω
1p℘˜,W 1θ, aiq ‰ 0, hence
over nonintersecting k-tuples of closed directed paths in NW .
To finish the proof we must apply ισ˚ to this expression and expand it in the coordinates
y1, . . . , y2pN´1q. We claim that σpaq “ 1 when a is the image of a closed directed path in
NW . Recall that σ was defined with respect to a symplectic basis on which σpAiq “ ´1 and
σpBiq “ 1. All images of closed directed paths in NW have homology classes of the form Di
or Di`Ai`1. Each Di can be written as a sum of B-cycles, so σpDiq “ 1. On the other hand,
Di and Ai`1 intersect once, so we also have
σpDi `Ai`1q “ ´σpDiqσpAi`1q “ 1.
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Figure 6. The bipartite form of N i and its two zig-zag paths in the SL3 case.
Recall from Section 2.1 that weights of closed directed paths in N i were determined by
normalizing the weight of the lowest path to be
wtppminq “
nź
i“1
py2i´1y2iq´ in`1 .
The weights of other paths were then determined by the homology class of their difference
from the lowest path. Given our identification of face cycles in N i with B, we are done once we
show that the above expression coincides with the pullback from MGL1pΣq of the holonomy
yDN . But this follows from the fact that
NDN `
Nÿ
k“1
kpγk ` γ1kq “ 0
in H1pΣ1,Zq, since the cycle D0 ` ¨ ¨ ¨ `DN becomes trivial in the closed surface Σ1 and
Dj “ DN `
Nÿ
i“j`1
pγi ` γ1iq
for all 0 ď j ď N . 
Remark 3.14. It is illuminating to view the proof of Theorem 3.13 in the context of the
conjugate surface construction of [GK13]. An embedding of a bipartite graph G into a surface
S defines a ribbon structure on G, and the conjugate surface pS is the ribbon graph obtained
by gluing in a half-twist in the middle of every edge of G. The boundary components of pS are
identified with the “zig-zag paths” of G, as pictured in Figure 6. On the other hand, there is
a standard way to associate a bipartite surface graph to a directed surface graph [Pos06]. The
above proof implictly identifies the conjugate surface of N i with the periodic Toda spectral
curves as topological surfaces. In particular, the fact that there are exactly two zig-zag paths
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of N i, hence two boundary components of its conjugate surface, corresponds to the fact that
the spectral curve has cyclic monodromy at 0 and 8. 
Appendix A. Background on Cluster Algebras
In this appendix we fix our conventions regarding cluster algebras and cluster varieties,
reviewing the minimal part of the theory we need [FZ07]. We denote cluster variables by xi
and their dual coordinates by yi, as this follows the conventions in the literature on cluster
characters most closely. However, it is also convenient to have notation for the tori on which
these provide coordinates, hence we also use the language of A- and X -tori at times [FG09].
Let Q be a quiver with vertices Q0 “ t1, . . . , nu and no oriented 2-cycles. To Q we associate
a pair of tori
AQ “ SpecCrx˘11 , . . . , x˘1n s, XQ “ SpecCry˘11 , . . . , y˘1n s
and a map
pQ : AQ Ñ XQ, pQ˚ : yi ÞÑ
nź
j“1
x
Qij
j .
Here
Qij “ |tarrows iÑ j in Qu| ´ |tarrows j Ñ i in Qu|
is an entry of the signed adjacency matrix of Q. The data of Q is equivalent to the data of a
lattice Γ with a basis teiu and a skew-symmetric form: to such a lattice we associate a quiver
by setting
Qij “ xei, ejy.
From this point of view
AQ “ HompΓ˚,C˚q, XQ “ HompΓ,C˚q,
their coordinates coming from the basis teiu and its dual. The skew-symmetric form induces
a map Γ Ñ Γ˚ by ei ÞÑ xei,´y, which gives rise to the map pQ.
Given 1 ď k ď n, the mutation µkpQq of Q at k is the quiver with µkpQq0 “ Q0 and
µkpQqij “
#
´Qij i “ k or j “ k
Qij ` 12p|Qik|Qkj `Qik|Qkj |q i, j ‰ k.
To the mutation µk we associate a pair of birational maps, called cluster transformations
and also denoted by µk. These satisfy
AQ AQ1
XQ XQ1
µk
pQ pQ1
µk
,
where Q1 “ µkpQq, and are defined explicitly by
µk˚px1iq “
$’&’%
xi i ‰ k
x´1k
ˆ ź
Qkją0
x
Qkj
j `
ź
Qkjă0
x
´Qkj
j
˙
i “ k
and
µk˚py1iq “
#
yiy
rQiks`
k p1` ykq´Qik i ‰ k
y´1k i “ k,
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where rQiks` :“ maxp0, Qikq. The map µk : XQ Ñ XQ1 intertwines the Poisson bracket
tyi, yju “ Qijyiyj
and its counterpart on XQ1 .
The A- and X -spaces A|Q| and X|Q| are the schemes obtained from gluing together along
sequences of cluster transformations all such tori obtained iterated mutations of Q. The upper
cluster algebra ApQq is the algebra of regular functions on A|Q|, or equivalently
ApQq :“ CrA|Q|s “
č
Q1„Q
CrAQ1s Ă CpA|Q|q.
The cluster algebra ApQq is the subalgebra of the function field CpA|Q|q generated by the
collection of all cluster variables of seeds mutation equivalent to Q; the fact that ApQq Ă ApQq
is referred to as the Laurent phenomenon. Since cluster transformations intertwine the
indicated Poisson structures on each X -torus, these assemble into a global Poisson structure
on X|Q|.
Appendix B. Cluster Characters and Quivers with Potential
In this appendix we recall the Jacobian algebra of a quiver with potential [DWZ08] and
the cluster character of a module over a Jacobian algebra [Pal08].
Given a quiver Q with oriented cycles, yCQ is the completion of the path algebra CQ with
respect to the ideal generated by paths of length greater than zero. A potential W is an
element of PotpCQq, the closure in yCQ of the ideal generated by all nontrivial cyclic paths in
CQ. Given an arrow a of Q, the cyclic derivative Ba : PotpCQq ÑyCQ is the unique continuous
linear map such that
Bapcq “
ÿ
c“paq
qp
for any cycle c, where the sum is taken over all decompositions of c with p, q being possibly
length zero paths. We call a pair pQ,W q a quiver with potential, and always assume Q has
no oriented 2-cycles. The Jacobian algebra JpQ,W q is the quotient of yCQ by the closure of
the ideal generated by all cyclic derivatives of W . We say pQ,W q is Jacobi finite if JpQ,W q
is finite-dimensional, and from now on assume this is the case.
We write JpQ,W q-mod for the category of finite-dimensional left JpQ,W q-modules; equiv-
alently this is the category of finite-dimensional representations of Q satisfying the relations
imposed by the cyclic derivatives of W . Given a labeling of Q0 by t1, . . . , nu, we write Sj
for the simple JpQ,W q-module supported at the jth vertex of Q, Pj for its projective cover,
and Ij for its injective envelope. Below we freely conflate the dual cluster variable yi with its
pullback pQ˚yi “
śn
j“1 x
Qij
j to Crx˘11 , . . . , x˘1n s.
Definition B.1. Let
0 ÑM Ñ
nà
j“1
I
‘bj
j Ñ
nà
j“1
I
‘aj
j
be a minimal injective copresentation of a JpQ,W q-module M . Then the coindex of M is
defined by
x´ coindM “
nź
j“1
x
aj´bj
j .

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Given a dimension vector e P Zn and a JpQ,W q-module M , the quiver Grassmannian
GreM is the variety of e-dimensional subrepresentations of M . It is a projective subvariety
of a linear Grassmannian of M , and below we write χpGreMq for its topological Euler
characteristic. If e1, . . . , en P Zn are the dimension vectors of the the simple modules and
e “ ř ajej , we write
ye “
nź
j“1
y
aj
j .
Definition B.2. The cluster character CCpMq of a JpQ,W q-module M is the Laurent
polynomial
CCpMq “ x´ coindM
ÿ
ePZn
χpGreMqye P Crx˘11 , . . . , x˘1n s.

This elementary definition will suffice for our purposes but deviates from [Pal08] as follows.
To obtain a seed-independent picture one may consider the cluster category C, constructed for
Jacobi-finite quivers with potential in [Ami09]. The cluster category is triangulated, 2-Calabi-
Yau, and endowed with a canonical cluster-tilting object T . We have EndCpT q – JpQ,W q,
and the functor HomCpT,´q induces an equivalence
JpQ,W q-mod – C{xΣT y.
Here Σ is the suspension functor of C and xΣT y the ideal of all morphisms factoring through
the additive subcategory generated by ΣT . The cluster character can then be defined for
arbitrary objects in C, and the cluster character of an indecomposable object X that is not a
summand of ΣT agrees with Definition B.2 applied to HompT,Xq.
The notion of a cluster character originates in [CC06] for Dynkin quivers, and is treated in
increasing generality in [CK06, Pal08, Pla11]. It is motivated by the following property:
Theorem B.3. For a Jacobi-finite quiver with nondegenerate potential, the cluster character
defines a bijection between reachable rigid indecomposable JpQ,W q-modules and non-initial
cluster variables of ApQq.
Appendix C. Background on Spectral Networks
In this appendix we recall the notation and basic notions of spectral networks, referring
the reader to [GMN13b] for a comprehensive exposition. As it is needed in the body of the
paper, we explicitly describe how the formalism must be extended to remove the assumption
of simple ramification. We will refer to spectral networks subordinate to branched covers with
simple ramification as simple spectral networks.
Let C be an orientable real surface, possibly with boundary, together with a nonempty set
of points sn. We refer to the sn as singular points, and to those not on the boundary of C as
punctures. Let Σ Ñ C be an N -sheeted branched cover such that all singular points lie in the
complement C 1 of the branch locus. A spectral network subordinate to the covering Σ is a
collection
W “ popsnq, tzµu, tpcuq
of the following data:
D1: A partially ordered subset opsnq of sheets of Σ in a neighborhood of each singular
point sn. Each opsnq must contain at least two elements, and if sn is a puncture opsnq
must contain N elements.
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D2: A locally finite subset tzµu Ă C 1, referred to as joints.
D3: A countable collection tpcu of closed segments (images of embeddings of r0, 1s) in C,
referred to as walls. For each orientation o of pc, the segment carries a label consisting
of an ordered pair of distinct sheets of Σ over pc. Reversing the orientation of pc
should reverse the order of the sheets, so pc has two labels which could be written as
po, ijq and p´o, jiq.
The data must satisfy the following conditions:
C1: Two segments pc are not allowed to intersect away form their endpoints unless no
sheet of Σ appears in the labels of both segments. The endpoints of the pc are at
joints, branch points, or singular points. Any compact subset of C 1 intersects only
finitely many of the pc.
C2: If the monodromy around a branch point b is a single K-cycle, there is a neighbor-
hood of b in which W is equivalent to WK in a neighborhood of 0 (see Definition C.1).
That is, there should be a 1-parameter family of equivalent networks Wt such that
W0 “W and the restriction of W1 to some neighborhood of b is diffeomorphic with
the restriction of WK to a neighborhood of 0. In a neighborhood of a general branch
point b of W should in the same sense be locally equivalent to a superposition of
WK ’s according to the cycle decomposition of the monodromy around b.
C3: Around each joint zµ there is neighborhood in which W is equivalent to one of the
local models in Figure 8.
C4: If an oriented segment with label po, ijq ends at a singular point sn, then i and j lie
in the ordered subset opsnq, and with respect to the ordering of opsnq we have i ă j.
The local models referred to above for nonsimple branch points are as follows. Here we
write ω “ e 2piiN and ωij “ ωi ´ ωj .
Definition C.1. Fix N ą 2. The spectral network WN is subordinate to the branched cover
ΣN :“ tλ P T ˚C : λN ´ zdzN “ 0u
of C. Its walls lie along the rays tteiϕ : t ě 0u such that
2pN ` 1qpϕ´ pi
2
q ” 0 mod 2pi.
We label the sheets of ΣN by t0, 1, . . . , N ´ 1u by choosing a generic branch cut from 0 to 8
and letting z1{N refer to the branch which takes positive real values on R`. The kth sheet of
ΣN corresponds by the differential
λk “ ωkz1{Ndz.
There is an outwardly oriented ij-wall lying along the ray of phase ϕ if and only if ϕ “
´N
N`1 argωij , where the pN `1qst root is computed in the sector away from the branch cut. 
In general any wall of WN will be coincident with several other walls with distinct labels.
It is sometimes convenient to refer to a maximal collection of coincident walls as a multiwall.
Then for N ą 2 the network WN has N2 ´ 1 walls lying along 2pN ` 1q multiwalls, the latter
being in correspondence with the values taken by argpωijq for 0 ď i, j ď N ´ 1.
The natural examples of spectral networks are associated with branched covers Σ Ă T ˚C
of a punctured Riemann surface C embedded inside its cotangent bundle. For our purposes,
it is sufficient in the following definition to assume θ is generic and omit a detailed discussion
of the behavior of Σ near the punctures of C.
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Figure 7. The spectral networks W2, W3, and W5 which serve as local models
for a spectral network at a branch point with 2-cyclic, 3-cyclic, and 5-cyclic
monodromy, respectively. The walls of W5 come in pairs with distinct labels
but whose locations coincide.
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Figure 8. The local models of a junction in a spectral network.
Definition C.2. For a generic phase θ, WΣ,θ is the minimal spectral network subordinate to
Σ whose walls have the following property. If pc carries a local label po, ijq and λpiq, λpjq are
the 1-forms associated with sheets i and j, then
argxp1cptq|λpiq ´ λpjqy “ θ
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for any oriented parametrization of pc. 
In particular, the walls of WΣ,θ are BPS strings in the sense of Definition 3.8. In this
notation WN is the spectral network WΣN ,0 of phase 0 subordinate to ΣN .
Nonabelianization and Path-Lifting. A spectral network subordinate to Σ  C provides
a mechanism for producing twisted GLN pCq-local systems on C from twisted GL1pCq-local
systems on Σ (from now on, we simply write GLk for GLkpCq). Recall that a twisted GLN -
local system on a surface S is a rank N vector bundle E on the unit tangent bundle S˜ of S
and a parallel transport on E such that the holonomy around any fiber is ´1. Any smooth
path in S has a canonical lift to S˜, and in practice we often think of a twisted local system as
assigning parallel transports to smooth paths in S via their canonical lifts.
Let MtwGLN pCq and MtwGL1pΣq be the moduli spaces of twisted local systems on C and Σ,
the former with possibly irregular singularities at the singular points of C. To a spectral
network W subordinate to Σ is associated a nonabelianization map
ΨW : MtwGL1pΣq ÑMtwGLN pCq.
In the body of the paper we do not require a careful discussion of the singularities of flat
GLN -connections, so we omit the rather lengthy digression this would require. All that will
be important for us is that if is a smooth closed curve in C and V a representation of GLN ,
we have an unambiguous definition of the pullback
ΨW˚ trV Hol℘˜ P CrMtwGL1pΣqs.
The definition of ΨW uses extra data, soliton sets, associated to the walls pc of W. For
z P pc, a soliton spzq is an immersion of r0, 1s into Σ, considered up to regular homotopy,
which begins and ends on preimages of z. If pc carries the label po, ijq, spzq is compatible
with o if it begins on zpiq and ends on zpjq (where zpiq and zpjq are the lifts of z to sheets i
and j), and its projection to C begins following pc with orientation ´o and ends following pc
with orientation o. For each point z P pc and orientation o of pc, the soliton set Soc pzq is a
collection of solitons compatible with o. For a generic W it is completely determined by the
following conditions:
ST1: The soliton sets Soc pzq vary continuously (in the obvious sense) as z varies contin-
uously in pc. Thus we often write soliton sets simply as Soc .
ST2: If one endpoint of pc lies on a branch point, its soliton set consists exactly of the
following “light” soliton sc. If pc is labeled po, ijq with o directed away from b, scpzq
is the immersion that begins at zpiq, ends at zpjq, and whose projection to C lies on pc
except in a small neighborhood of b.
ST3: The soliton sets of the walls meeting at a junction zµ are related in a standard
way. We refer to [GMN13b, Section 9.3] for the detailed rule, as in the body of the
paper we only require computations involving ST2.
In general the above rules uniquely determine the soliton sets of W, for example in the
case of a spectral network of a generic phase θ subordinate to some Σ Ă T ˚C.
The spectral network W assigns to each open path ℘˜ in the unit tangent bundle C˜ of C an
expression
Fp℘˜,Wq “
ÿ
a
Ω
1p℘˜,W,aqXa.
Here Xa is a formal variable associated with a homotopy class a of open path in Σ˜. These
are considered modulo the relations that Xaa1 “ XaX1a if a and a1 are concatenable, and that
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if a and a1 project to the same homotopy class in Σ,
Xa{Xa1 “ p´1qwpa,a1q.
Here wpa,a1q is the winding number of a´1a1 around the fiber. The Ω1p℘˜,W,aq are integers
uniquely determined by the following properties:
PL1: If ℘˜, ℘˜1 are concatenable in C˜,
(C.3) Fp℘˜℘˜1,Wq “ Fp℘˜,WqFp℘˜1,Wq.
PL2: Let
Dp℘˜q “
Nÿ
i“1
X℘˜piq ,
where ℘˜piq is the canonical lift of ℘˜ to the ith sheet of rΣ. If ℘˜ does not intersect the
preimage of W in C˜, then
Fp℘˜,Wq “ Dp℘˜q.
PL3: Suppose ℘˜ intersects W˜ at exactly one point z˜, whose projection to C we denote
by z. If the intersection is not transverse we perturb it to be so. Let ℘˜` and ℘˜´ be
the parts of ℘˜ before and after this intersection, so ℘˜ “ ℘˜`℘˜´. Then
(C.4) Fp℘˜, W˜q “ Dp℘˜`q
¨˝
1`
ÿ
sνPScpzq
Xapsν ,℘˜q‚˛Dp℘˜´q,
where apsν , ℘˜q is defined as follows. Each soliton sν has a canonical lift s˜ν to Σ˜. Let
Uz be the unit tangent space at z and o`, o´ P Uz the intial and final unit tangent
vectors to the projection of sν to C. Thus o` and o´ point in opposite directions along
a wall of W , and s˜ν starts and ends at their canonical lifts opiq` , opjq´ to Uzpiq , Uzpjq . Let
A` and A´ be paths in Uz from z to o` and from o´ to z, such that their composition
is homotopic to a simple arc around the half of Uz containing z˜. Then
apν, ℘˜q “ Apiq` s˜νpzqApjq´ .
We refer to the assignment
℘˜ ÞÑ Fp℘˜,Wq
as the path-lifting rule defined by W. Its essential property is that if ℘˜ and ℘˜1 are two paths
on C˜ that project to the same homotopy class on C,
(C.5) Fp℘˜,Wq “ p´1qwp℘˜,℘˜1qFp℘˜1,Wq.
This is proved for simple spectral networks in [GMN13b], and the general case follows from
Corollary 3.6.
Let pL,∇abq be a twisted GL1-local system on Σ. We write the parallel transport of ∇ab
along a as
Xap∇abq P HompLap0q,Lap1qq.
The twisted GLN -local system pE,∇q “ ΨWpL,∇abq on C is defined as follows. The vector
bundle E is the pushforward of L to rC, so the fiber over z˜ P C˜ 1 is
Ez˜ “
Nà
i“1
Lz˜piq .
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If ℘˜ is a path with endpoints z˜1, z˜2 P C˜ 1W :“ C˜ 1 r W˜ , then the parallel transport of ∇ along ℘˜
is
Fp℘˜,W,∇abq :“
ÿ
a
Ω
1p℘˜,W,aqXap∇abq P HompEz˜1 , Ez˜2q.
It is demonstrated in [GMN13b] that this defines the parallel transport of a twisted local
system on C.
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